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It is well known that if X is a continuum with dim X 2 3, then the hyperspace C(X) of 
subcontinua of X is infinite dimensional ([2] and [lo]). In this paper, we show that if X is a 
2-dimensional continuum and rank h’(X) <w, then C(X) is infinite dimensional. As a corollary, 
if X is a 2.dimensional FANR, then C’(X) is infinite dimensional. Also, if X is a continuum 
with dim X 2 2, there is some At C(X) with rank G’(X) = co. 
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1. Introduction 
By a continuum we mean a compact connected metric space. Let X be a continuum. 
The hyperspace of (nonempty) subcontinua of X with the Hausdorff metric is 
denoted by C(X). In [4], Kelley proved that if X is a Peano continuum, then C(X) 
is finite dimensional if and only if X is a linear graph. In [2] Eberhart and Nadler 
proved that if X is a hereditarily indecomposable continuum, then dim C(X) = 2 
or dim C(X) = 00. Furthermore, if dim X 2 2, then dim C(X) =a. Rogers [lo] 
proved that if X is a continuum and dim X 2 3, then dim C(X) = ~0. Now, the 
following interesting problem remains open. 
Problem. If X is any 2-dimensional continuum, then must dim C(X) = a? (see [15] 
and [14]). 
In relation to the problem, some partial answers have been obtained. 
1.1 [lo]. (1) If X is an arcwise connected continuum and dim X = 2, then 
dim C(X) = ~0. 
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(2) IfX contains a subcontinuum which is homeomorphic to a Cartesian product of 
two (nondegenerate) continua, then dim C(X) = ~0. 
In this paper, we give a partial answer to the problem. We prove that if X is a 
2-dimensional continuum and rank G’(X) < 03, then dim C(X) = 00, where A’(X) 
denotes the first Tech cohomology group of X. As a corollary, we obtain that if X 
is a 2-dimensional FANR (see [l] for the definition of FANR), then dim C(X) = ~0. 
Also, it is shown that if X is a 2-dimensional continuum, then X contains a 
subcontinuum A of X such that rank I?‘(A) = 00. The proofs are essentially due to 
the idea of H. Cook (cf. [16]). 
2. Dimension and hyperspaces 
Let D be the closed unit ball in the plane, D = {(x, y) E E’Ix2+y2~ l}, and let 
S’ = {(x, y) E D ( x2 + y* = 1). A map f from a topological space Z to D is essential 
provided that 
flf_‘( S’): f_‘( S’) + s’ 
cannot be extended to a map defined on all of Z to S’. A map f: X + Y between 
continua is weakly confluent provided that for each subcontinuum B of Y there is 
a subcontinuum A of X such that f(A) = B. 
We need the following result. 
2.1 (S. Mazurkiewicz [ 131). Let X be a continuum. If a map f: X + D is essential, 
then f is weakly conjluent. 
2.2. Theorem. If X is a 2-dimensional continuum and rank A’(X) <a, then 
dim C(X) = ~0. 
Proof. Suppose, on the contrary, that dim C(X) < 00. First, we shall show that for 
any AE C(X), i*: k’(X)-+ I%‘(A) is an epimorphism, where i: A+ X is the 
inclusion map. We may assume that A’(X) = [X, S’], where [X, S’] denotes the 
homotopy classes of maps from X to S’. Let A E C(X) and let f: A + S’ be any 
map. Suppose that f has no extension f’: X + S’. Since D is an AR, there is an 
extension f, :X + D of J: Then we define a map F: X + D by 
F(x) = H(f,(x), dist(x, A)), 
where H : D x I + D is a deformation such that H(x, t) E D - S’ for x E D and t > 0. 
Clearly F : X + D is an extension off such that FP’( S’) = A. Note that F is essential. 
Take disjoint arcs Bi (i = 1,2, . . . , n) in D such that Bin S’ is a point b,. Since F 
is weakly confluent (see 2.1), there are subcontinua A, (i = 1,2,. . .) of X such that 
F(A,) = Bi. Note that A, is not contained in A and A u L.J:=, Ai is a subcontinuum 
of X. By [lo], C(X) contains a n-cell for each n = 1,2,. . . . Hence dim C(X) =CO. 
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This is a contradiction. Thus there is an extension f’: X + S’ of J: This implies that 
i”: B’(X) + k’(A) is an epimorphism. Since rank I?‘(X) < n <CO for some n, we 
conclude that rank h’(A) < n for any AE C(X). 
Now, we consider the following subcontinuum H,, of D. Let 2 be the continuum 
which consists of all points in the plane E2 having polar coordinates (r, 13) for which 
r=l, r=2 or r=(2+eH)/(1+ee) (Fig. 1). 
@ 
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Fig. 1 
Let z = (2,O) E Z and let (Z,, zi) (i = 1,2, . . . , n) be a copy of (Z, z). Set (H,, *) = 
Vy=’ (Zi, z,), which is a one point union of (Zi, z,). We may assume that H,, c D. 
Since dim X = 2, it is well known that there is an essential map f: X + D. By 2.1, f 
is weakly confluent. Hence there is a subcontinuum A of X such that f(A) = H,,. 
We shall show that rank R’(A) zn. Set h=flA:A+H,. Let p:Z+S’ be the 
fibration defined by p(x) = (1, f3) for x = (r, 0) E Z. Consider the maps gj : H,, + S’ 
(i=1,2,..., n) which are defined by 
g,(x) = 
[ 
(130) if x = (r, 0) E Z,, 
*=(l,O) if xE H,,-Zi. 
Set h,=g;h:A+S’. Then [~,]E[A,S’] (i=1,2 ,..., n). We show that 
[h,], [h2], . . , [h,,] are linearly independent. Suppose, on the contrary, that there 
are integers czi (i = 1,2, . . . , n) such that for somej, cz, # 0 and ~~~[h~]+~~[hJt. . .+ 
LY,,[~~] =0 in [A, S’]. We may assume that aI, (Ye.. . . , LY,, > 0 and a,+, , . . . , a,, G 0. 
Set S,={(~,~)EZIOG~G~~T}~Z. Clearly, there is a unique map 
g(a,, (~2,. . . , c~,):(Hn, *) + (Z, z) = (Z,, zl) such that 
g(~l,~2,.‘.,~,)(z,)=z, 
d~I,~Z,..., Q~)(Z,)CS~ (i=2,3,...,n) 
and 
Clearly, we have 
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Hence pg(aI,a2,..., a,)h is null homotopic. By Fort’s result [3, Lemma], 
g(a, > Q2,. . _ , q,)h is not an onto map. This is a contradiction. Hence rank Z?‘(A) 2 
n. Consequently, we conclude that dim C(X) = ~0. This completes the proof. q 
Let 9 be a collection of compact polyhedra. A continuum X is P-like if for any 
.z>O there is an onto mapf:X+P such that PEP and diamf-l(y)<& for each 
y E Z? For a continuum X, we consider the following index Z(X) as follows: Z(X) c n 
if and only if there is a collection 9 of compact polyhedra such that X is P-like 
and rank Z?‘(P) d n for each P E 9”. 
2.3. Lemma. For a continuum X, Z(X) 3 rank k’(X). 
Proof. Note that there is an inverse sequence &’ = {X,, p_+,} of compact polyhedra 
such that invlim X=X and rank fi’(X,)s Z(X). Note that g’(X) = 
dirlim{Z?‘(X,), p* n,n+,}. Hence we can see that Z(X)?rank a’(X). 0 
2.4. Corollary. Let X be a 2-dimensional continuum. Zf X is p-like and 9 is a$nite 
collection of compact polyhedra, then dim C(X) = ~0. 
Proof. Theorem 2.2 and Lemma 2.3 imply Corollary 2.4. q 
2.5. Corollary. Zf X is a 2-dimensional FANR, then dim C(X) = ~0. 
Proof. If X is an FANR, then A’(X) is finitely generated (see [I]). Hence Theorem 
2.2 implies Corollary 2.5. q 
2.6. Theorem. Zf X is a continuum with dim X 3 2, then there is an uncountable closed 
subset A of C(X) such that for each A E A rank Z?‘(A) = ~0. 
Proof. Since dim X 22, there is an essential map f: X+ D. Then f is weakly 
confluent. Let Z9, = Vz, (Z,, zi), where (Z,, zi) is the continuum as in the proof of 
Theorem 2.2 and Iim diam Z, = 0. Take an uncountable closed subset B of C(D) 
such that each element B of B is homeomorphic to &. Consider the mapf* : C(X) + 
C(D) defined byfX(A) = f(A) for A E C(X). Letye’ = A. By the same argument 
as in the proof of Theorem 2.2, we see that rank k’(A) = ~0 for each A E A. q 
2.7. Corollary. Let X be a continuum. Zf each subcontinuum of X is an FANR, then 
dim X G 1. 
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Note added in proof 
Recently, the author read the paper “On the tech cohomology of continua with 
no n-ads”, by J. Grispolakis and E.D. Tymchatyn (in: Houston J. Math. 11 (1985) 
505-513) and noted that (2.2) can be obtained by combining their Theorem 4.4 and 
Roger’s result [lo]. However, their proof is different from ours. 
References 
[ 1] K. Borsuk, Theory of shape, Monografie Matematyczne 59 (Polish Scientific Publishers, Warszawa, 
1975). 
[2] C. Eberhart and S.B. Nadler, Jr., The dimension of certain hyperspaces, Bull. Acad. Polon. Sci. 19 
(1971) 1027-1034. 
[3] M.K. Fort, Jr., Images of plane continua, Amer. J. Math. 81 (1959) 541-546. 
[4] J.L. Kelley, Hyperspaces of a continuum, Trans. Amer. Math. 52 (1942) 22-36. 
[5] J. Krasinkiewicz, Certain properties of hyperspaces, Bull. Acad. Polon. Sci. 21 (1973) 705-710. 
[6] A.Y.W. Lau, Acyclicity and dimension of hyperspaces of subcontinua, Bull. Acad. Polon. Sci. 22 
(1974) 1139-1141. 
[7] S.B. Nadler, Jr., Locating cones and Hilbert cubes in hyperspaces, Fund. Math. 79 (1973) 233-250. 
[8] S.B. Nadler, Jr., Some problems concerning hyperspaces, Topology Conference (V.P.I. and S.U.), 
in: R.F. Dickman and P. Fletcher, Ed., Lecture Notes in Math. 375 (Springer, New York, 1974) 
190-197. 
[9] S.B. Nadler, Jr., Hyperspaces of sets, Pure Appl. Math. 49 (1978). 
[lo] J.T. Rogers, Jr., Dimension of hyperspaces, Bull. Acad. Polon. Sci. 20 (1972) 177-179. 
[ll] J.T. Rogers, Jr., Dimension and the Whitney subcontinua of C(X), Gen. Topology Appl. 6 (1976) 
91-100. 
[12] J. Segal, Hyperspaces of the inverse limit space, Proc. Amer. Math. Sot. 10 (1959) 706-709. 
[13] S. Mazurkiewicz, Sur I’existence de continus indecomposables, Fund. Math. 25 (1935) 327-328. 
[ 141 W. Lewis, Continuum theory problems, Topology Proceedings, 8 (1983) 361-394. 
[15] J.T. Rogers, Jr., Recent results in hyperspaces, Proceedings of the Second Annual USL Mathematics 
Conference, Lafayette, LA, 1971, pp. 12-14. 
[16] J.T. Rogers, Jr., Weakly confluent mappings and finitely-generated cohomology, Proc. Amer. Math. 
Sot. 78 (1980) 436-438. 
